Merkzettel ,,Vektoren und Matrizen”

24.05.2024
Vektoren in R2
Gerade Normal- a
Parameter- g X = ﬂ +sa vektor- g:n- X =7-0P iNormalvektor ablesen aus ax + by=c - 7= (b)
darstellung: form:
Hessische |ﬂ5 | ;Iéd;le | Normalvektor ablesen aus Richtungsvektor d:
Abstands- d(P,g) = |4, P - l,| = 2= arallelogramm:; ,  x o (V.= (Y
formel: | 9 0| |7 A=|r'1'><l—;| a_<y)_>nl_(x)'nr_(—x)
Vektoren in R3
Ebene a .
Parameter- e X=04A+sd+th Normalvektor fi, ablesen aus ax + by + cz = ¢ - i, = (b) ,oder:fi, =d X b
darstellung: c
Hessische . |ﬁ . r'i| . L —90° i-b _ 90° -
Abstands- d(g,e) = |Agp£ . n0| = Winkel @, e: i@ = - arccosfg = - arccos(a0 0)
formel: |7 al | |
a,b, —a,b - -
Kreuzprodukt <Z"> » Z" _ (;’ ; ; Z ) |@d xb| =1d|-|b|-sina;
5 “« v y | = | T \Uxlz T UzUx 57 . - e
(»éuR. Prod.”) a, b, agb, —a,b, wenn |a X b| = 0,dann sind d und b parallel

Schneide
Ebene/Gerade

e:g:>075+sd£+t55=079+sdg:GLSIésen

Vektorrechnung in R allgemein

n - ~ - T (B ). P 2. 2057 (T .= (2.
Skalarproidukt o . db=ldl- ||b|| . cosa Lmearl?at;(xf yz =X7 +y-Z; (sX)-y=sX-y);
(,kanon.inn. ix-y = xy;=x"1y = L - Symetrieex-y=y-Xx;
Produkt”) = wenn|d-b|=0-d Lb o ciive Definitheit: %% > 0;%-% = 0 < % = 0

a L o -Norm: 2, = /3"« |P
Euklid. Norm * T N Xy I 111 ]
(,Linge"): ay || = |aZ+ a2 +aZ WinkelX,y: ¢ = arccosm = arccos(%,.Yo) R
" : a, y ler-Norm: ||X|l; = Xi,lx;
Skalare Pro- ”a ” —a-B = a_i Vektorprojektion i = ”& ”5 _ (a.i)i _ (d- b )B Reflexion v. U i =7 2u
jektion a— b: bll — O " bl |amb=a; b — [FpllI%0 = oI/ vl — ]2 an Ebene 71 a= n
Sonstiges: lIs?|| = s||B|l; Einheitsvektor d, = ﬁ; AB = 0B — 04; Halbierungspunkt H = %; Gerade: X =0A+t-a

Vektoren in

allgemeinen linearen Vektorrdumen

Linearer U+ P =0+% @+ +W=u+@+w); T+0 =1 i+ (—) = 0;

Vektorraum: (s)yv=s(tV); (s+t)V=sv+tV; sU+ V) =su+sv;10 =7

Eukid. Vektor-  VeKIOTOUM B0CTR ) pneqriat: (i + 5, W) = (@) + (5,W); (57, 5) = (T, 9); Symetrie: (@, 3) = (7,7

raum (V,(-,")): Prod.: ' pos. Definitheit; (4, u) = 0; (L,U)=0<=uU=0

Norm. Vektor-  Vektorraum tber K o S S S S - N - S S Sz
: : = < > 0; = =

raum (V, || - [): | mit definierter Norm / ~ Ro:% = IZ11: Alsll = IsHIZID) A (12 + F1 < 121+ 171D A (121l 2 0; [IZ]l =0 < % =0)

Euklidische . L. . (%, 9) Cauchy- |, . .

N . =7 — v = A <
Norm (Linge): IZ]l, = /(% %) |Abstand: :d(¥,y) = [|X — ||, |Winkel: ¢ = arccos FLIGL  |schwarz: [ < 1121117112
Dreiecksungl.: @, ¢ € V, (V|- I): Il + &l < Nl + 915 1IN = NI21 < 16— ? |Pvthagorasr % Ly 1%+ 913 = 1213 + 19113

Lin. unabhangig

- - - = . . - - - - =
S1V; + SpU, + -+ + 5 U = 0 = wenn w. A. nur mit allen s, = 0, dann ist v, ...V L.u. (V; ...V # 0)

Unterraum

(UCV)A (T, €U =B, +7, EU)r(DEU= st EU) [dim(U + W) = dimU + dim W — dim(U n W)

Direkte Summe

V=UOWe V=U+W)a(Unw ={0})

Gram-Schmidt

wi

Iwll

_ {bywj)
wiw)’

-

Geg.:B ={by,by,bs}; Wy = by; Wy = 55, W + by; Wa = S5, W + S3oW, + by; 55 =

Orthogonalbas.

ist ONB,wenn (b;,b;) = 8;; |In ONB: (%,B,) = x;

: B ist 0GB,wenn (b;, b;) = 0:Vi # j ‘Orthonormalbasis
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Matrixmultiplikation

Bedingung: X1
Produkt A- % |  Spalten Matrix= (x 2)
(Matrix mal Vektor) Elemente Vektor X3
(Drehstreckung von X) [aﬂ 2P am] <a11x1 +apx, + a13x3)
Ayy Qyp Qs Ap1Xq + AppXy + Aysxsy
Bedingung: by
Produkt A- B Spalten A= [bm bzz]
(Matrix mal Matrix) |  Zeilen B b3, bs,
(LA.:A-B# B-4) [all 12 al3] Ay1b11 + Qyabsy + ai3bsy ay1bi + ayabayp + Aysbs,
dz1 Gzz a3 [a21b11 + ayoby1 + az3bsy an + azoby, + a23b32]

Aligemeine m,n-Matritzen bzw. Abbildungen (m...Zeilen, n...Spalten)

X x X X x X ) I .
= G = =
Rfang(,.A) v o2 2o x x . Rang = #Zeilen # 0 Ra.ng #Ilnear"un.abhanglger Zeilenvektoren
dim(Bild(A)) x x x 0 0 x # linear unabhangiger Spaltenvektoren
[ | | I Gauss X X
Basis(Bild(A)) |[[@,] [d,] [ds] —>[0 x x]:Basis(B(A))=L(&1,&2)
| | | | 0 00
1 0 a b —a —b
X X x X 1 0 a b 5
G — _ K :
Basis(kern(d)) ||lx x x x| |o 1 ¢ q|ZEEE|0 1 ¢ d = Basis(K(4)) =L c)(-d frnﬁ o
X x x x 000 O 00 Xx 0 1 0 VX:AX =0
0 0 0 X 0 1
Gauss

(7] = [Vlp

[B| [Ble] —[I | [Bls]); oder: [l = Taep [#1r = B~ [7]: [¥ls - [Pl [Blg = Teep [¥lp = B[¥s

[(p(E)]E - Gauss I
lo(B)]s [B | [o(E)]g]l — I | [9(ED1g); oder: [@(E)]g = Tsep [@(ED)]lg = B~ @ (E)]g
[ (E)] l l l | l | Gauss
- S o - - _
LB by b, [o(B)], [o(B)], ~|—UIle®)]s); oder: [p(B)ls = Tocy [9(E)lg Tocn =B~ [@(E)]z B
[ | | |
B - - _ 12
e 01Ny = Tows lo(Bs Ty 18 = B Lo(B)]s 5™ [4];
I I | |
B > > N N
Ol 9@ = Toos [0 Toc = I[bllc B, | le®s 615 (Gl
| | | | | |
e — T -
ga;islégﬁ)v} 7 |2.B.U € R®: Basis(U*) = Basis (Kern ([— BT —D)q
0 0 o0
Natiirliche lAZIl,\ . _ m (gréRte Spalten-
Matrixnorm 14l = Tjﬁx( =, )~ Ilglllf)=(1(||Ax|D 1-Norm: ll4ll, = P;,%)r(lziﬂlaijl betragssumme)
Maximum- _ " | (groBte Zeilen-
Spektralnorm 1 [|Al; = \/Anqax(A7A) Norm: 141l = f?éi‘qz,-ﬂ'a”l betragssumme)
Quadratische n,n-Matrizen
a; by c3 + 1|2 (A+B)" = A" + B |det(A") = det(4)
b + al(—l) +
) a by oo 1020 by el gy 1=p1at [arri =g g0
ay Db _ _ CiQyby— _ oy o N142|%2 C2
det a, byl ~ a1b, = by det]a, ?Z 2= ¢ bya,— =b,(-1)™ |a3 c3| t |det(sA) = s™ det(4)
as D3 C3 b
¢y by ay — _qy1+3 |2 D2
C; b a, a=D" g, b, det(4B) = det(4) det(B)
reguldr: Rang(4) =n < Kern(4) =0 & AZ = O hat nur Lsg. £ =0 < det|A| # 0 & VA % 0 & F: A~ |singuldr: -regular
Ga

invertierbar:

3AB:AB =1 < regular ‘Invertieren: é[All] oS (1A=

diag.sierbar: 3T:T AT™' =D < 3 Eigenbasis D:A =X D X! © VA:algebr.Vielfachheit n = geom.Vielfachheit g
symetrisch: AT = A & EV bilden 0GB < 3: 0GB D:VT AV =D | sym.= wenn A € R™: V1 € R.; sym.= diagonalisierbar
orthogonal AT=A"1'o AAT =1 < ||¥| = ||AX]| |0rthogonal = det(4) = +1; orthognal = VA = +1

Definit q(x) = ¥TA%.Wenn q(¥) > (=) 0 VX € ]R"\{a} = positiv (semi)definit. Wenn q(¥) < (<) 0 = negativ (semi)definit.

Hauptmin.krit

det(M,) > 0,k = 1..n = pos.definit.; sgn(det(M,)) = (—1) k =1..n = neg.definit

EWAEVD  A¥ = A; Eigenvektor ¥ € C*\{0}; Eigenwert A € C. Wenn A € R™" A pos. definit = VA € R A VA > 0.
Berechnung . _ _ PN . _ _
EW und EV EW: p(1) = det(A — AI) = 0; EV: ¥;_,, € Eigenraum(};) = Kern(4 — A;1)
A 1 0 [
Jordan A=X] XY Z.B:Alznzz;gzl:jz[ﬂ A 0 X=|3 Zl By
0o 0 21, | | |
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Gleichungssysteme

A% = b lésbar: Rang(AlE) = Rang(4) & be Bild(4) < p-zZ=0:vZ€ Kern(4T) Alsg.: Rang(A|E) #+ Rang(4)

AZ=b; Jilsg.: Rang(A|B) = Rang(4) =n & det(4) # 0 |Joolsg.: det(A4) # 0 A Rang(A|5) = Rang(4)

Losen von 3x3 Gleichungssystemen mit der Cramer-Regel:

ax+by+cz=d, a, by ¢ dy, by ¢ a, d; ¢ a;, by d, x=2
a,x +b,y+c,z=d, |D=detla, b, ¢;| D,=det|d; b, c;| D,=det|la, d, ¢ D,=det|a, b, d, o, D D,
azx + bsy + c3z = ds as by c; ds; by c3 a; d; ¢ a; by dil|Y=735 257

Differenzialgleichungssysteme

(@) =A%) +f(®) [EW: p(1) = det(A—AI) =0 |EV: ¥,_,, € Eigenraum(4;) = Kern(4 — 4;1) |Wenn n<g, HV: (4 — 1,k = %,

Homogene |FUrjedenEVzu4; € R: 37h = c;etity; Firjeden 1. HVzu 1; € R: 55,1 = cielit(h + ti;)

LOsung: Firjeden EV U;; = d + ibzu Aj=a+if: P, = ce®(dcosft — Esinﬁt) + cje‘”(gcosﬁt + dsinBt)

Partikuldre |> . .sin i, L . 7 2 - T N 2 5 S a0t
Lésung f(t)—llcoswt. Vp = dsinwt + bcoswt|f(t) = d + St +Jt2 + Y, = d + bt +Ct* + - |f(t) = de®t Y, = de

BY(®) + C§@® =k(@®) [p() =det(C-2B)=0 G, ,€Kern(C—A4B) 1=+ 1n

Hom. Lsg.: |Fir jedes G; zu A; € R: :3, = g;(a; cos ut + f3; sin ut)

Partikulire [K(t) = @sinwt; w # p; ¥p = dsinwt |k(t) = dsinwt; 0 =p; Jp = dtsinwt

LOsung: E(t) =dcoswt; w # p; Yp = dcoswt E(t) =dcoswt; w=p; Yp=dtcoswt E(t) = de®t: Y, =de
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