Losung Beispiel 4,
Helmut Horner Mat.Nr. 8 850092
Translatorische kinetische Energie der Masse 1

1 \ 2
o= TT1 = —mlx1'[t]°;
2

Translatorische kinetische Energie der Masse 2
1
nen= TT2 = =m2v2[t]? /. {v2[t]? > D[x1[t] + 1Sin[B[t]], t]*+D[- 1Cos[B[t]], t]?}
2

o Sma (12 Sin[B[t] 128 [t]%+ (x1'[t] +1Cos[B[t]] B’[t])z)
2

Rotatorische kinetische Energie der Masse 2
1 2 2
nezi= TR2 = —IIR'[t]? /. {II -» m21?}
2

1
ouzz= — 12 m2 B t] 2
2

Potentielle Federenergie der Masse 1
1
nEa= Ul = = kx1[t]?
2

1 2
ouzz= — k x1[t]
2

Potentielle Gravitationsenergie der Masse 2

npa= U2 =m2gh /. {h-> -1Cos[B[t]]}
Kosinus

ouza= —g1lm2Cos[B[t]]

Gesamte kinetische Energie
nps= T=TT1+TT2 + TR2

e Smi x1'[t]2 + 12 m2 3 [t]2 + 1 (12 Sin[B[t] 128 [t]%+ (x1'[t] +1Cos[B[t]] B’[t])z)
2 2 2

Gesamte potentielle Energie
nee= U = Ul + U2

1
ouel: —g1lm2Cos[B[t]] + —kx1[t]?
2
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Lagrange Funktion:
me7= L =T -=U
1 1 1
our= g1lm2Cos[B[t]] - —kx1[t]?2+ —mlx1 [t]%2+—12m2p3 [t]2%+
2 2 2

In2 (12Sin(BIt]112 6 [t)2+ (x1'[t] + 1Cos[B[t]] B [t])?)
2

Definiere konkrete Werte (u.A. m1=0,5 und m2=1)

nse= Wertel= {g->10, 155, k-»1, ml-> 0.5, m2-1};

Anfangsbedingungen

T
nzep= AB = {x1[@] =@, B[@] = —, x1'[@] =0, B'[0] = 0};
4

Definiere Lagrange-DGL
méor- DGL1 = D[D[L, x1'[t]], t] -D[L, x1[t]] == O;

DGL2 = D[D[L, A" [t]], t] -D[L, B[t]] == @;

Lose DGL numerisch

ni42;= Solutionl = NDSolve[ {DGL1, DGL2, AB} //. Wertel, {x1[t], B[t]}, {t, @, 200}]

Domain: {{0., 200.}}

oz { {x1[t] - InterpolatingFunction]| w Output: scalar

l1t1,

Bt] - InterpolatingFunction| m 83;?;‘:35{5:'-;500.}} Jrt1}}
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Animation mit m1=0,5 und m2=1

In[43]:= Animate[
Graphics|
{Line[{{-7, @}, {10, 0}}],
Line[{{x1[t] /. First[Solutionl] /. t - tt, @},
{(x1rt] /. First[Solutionl] /. t - tt) +
1+Sin[pB[t] /. First[Solutionl] /. t - tt],
-1xCos[B[t] /. First[Solutionl] /. t-tt]}}],
Rectangle[{x1[t] -0.5 /. First[Solutionl] /. t - tt, 0.7},
{x1[t] +0.5 /. First[Solutionl] /. t -» tt, 0}],
Disk[{(x1[t] /. First[Solutionl] /. t - tt) +
1xSin[B[t] /. First[Solutionl] /. t - tt],

-1%Cos[B[t] /. First[Solutionl] /. t - tt]}, 0.5 ]},

PlotRange - {{-7, 18}, {-7, 7}}],

{tt, 0, 200}, AnimationRate - 3, AnimationRunning - False] /. Wertel
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tt

M=

)

Out[43]=

Definiere neue Werte (u.A. m1=5und m2=0.1)

ing44:= Werte2 = {g>10, 155, k-1, ml-»> 5, m2-0.1};

Lose DGL mit neuen Werten numerisch

in451= Solution2 = NDSolve[ {DGL1, DGL2, AB} //. Werte2, {x1[t], B[t]}, {t, 0, 200} ]

oups= {{x1[t] - InterpolatingFunction| m gigi::s{c{gl';foo'}} Jrt1,
. . Domain: {{0., 200.}}
Bt] - InterpolatingFunction| m Output: scalar Jrt1}}
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Animation mit m1=5 und m2=0,1

In[46]:= Animate[
Graphics|
{Line[{{-7, @}, {10, 0}}],
Line[{{x1[t] /. First[Solution2] /. t - tt, @},
{(x1rt] /. First[Solution2] /. t - tt) +
1+Sin[pB[t] /. First[Solution2] /. t - tt],
-1xCos[B[t] /. First[Solution2] /. t-tt]}}],
Rectangle[{x1[t] -0.5 /. First[Solution2] /. t - tt, 0.7},
{x1[t] +0.5 /. First[Solution2] /. t -» tt, 0}],
Disk[{(x1[t] /. First[Solution2] /. t - tt) +
1xSin[B[t] /. First[Solution2] /. t - tt],

-1%Cos[B[t] /. First[Solution2] /. t - tt]}, 0.5 ]},

PlotRange - {{-7, 18}, {-7, 7}}],

{tt, 0, 200}, AnimationRate - 3, AnimationRunning - False] /. Werte2
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Out[46]=

Linearisieren der DGL:

in47:= DGL1LIN = Fullsimpli-Fy[
Expand[DGL1 /. {Sin[B[t]] - B[t], Cos[B[t]] » 1}1 /. {B[t]?~> @, B'[t]>> @} /.

(x2[t] - x1[t]) (x2[t] - x1[t])

1

{BIt] - > B''[t] > D[ > {ts 2}]}]

DGL2LIN = Fullsimpli-Fy[Expand[DGLZ /. {Sin[B[t]] » B[t], Cos[B[t]] - 1} 1] /.

X2[t] - x1[t]
{BIt1? > @, B'[t]*~ 0} /. {B[t] - ( []1 [ ),

(x2[t] - x1[t])
1

B''[t] > D[ s> {t, 2}]}, Assumptions - m2 > @]

ouan kx1[t] +mlx1”[t] +m2x2”[t] = ©

ouagl= X1 [t] + 1 x17[t] -21x2”[t] == gx2[t]

Definiere neue Werte fir linearisierte DGL

9= Werte3 = {g»9.8, 1510, k-»0.2, ml-> 1, m2 - 2};
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Exakte Losung der linearisierten DGLs

wsor- Solution3 = DSolve [ {DGL1LIN, DGL2LIN, AB /.

(x2[t] - x1[t]) (x2[t] - x1[t])

1

{BI0] - /. t>0, p'[0] » D[ s t] /7. t>e}}//.

Werte3, {x1[t], x2[t]}, t] // FullSimplify;

Animation mit linearisierten DGLs

ws1= Animate [
Graphics|[
{Line[{{-11, @}, {11, @}}],
Line[{{x1[t] /. First[Solution3] /. t - tt, @},

{x2[t] /. First[Solution3] /. t - tt, -1 Cos|
%((xZ[t] /. First[Solution3]) - (x1[t] /. First[Solution3])) /. t - tt]}}],

Rectangle[{x1[t] - 0.5 /. First[Solution3] /. t > tt, 0.7},

{x1[t] +0.5 /. First[Solution3] /. t - tt, 0}],

1
Disk[{x2[t] /. First[Solution3] /. t - tt, -1 Cos[—((x2[t] /. First[Solution3]) -
1

(x1[t] /. First[Solution3])) /. t - tt]}, @.57]},

PlotRange - {{-11, 10}, {-11, 7}}],

{tt, @, 200}, AnimationRate -» 3, AnimationRunning - False| /. Werte3
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) PEEIE]

Out[51]=

Eigenschwingungen:
Normalmodenansatz x1[t]=a Sin[w t]; x2[t]=b Sin[w t]

ws2i= gll = DGLILIN /. {x1[t] » aSin[wt],
x1''[t] » -aw’Sin[wt], x2[t] > bSin[wt], x2''[t] » -bw’Sin[wt]}
gl2 = DGL2LIN /. {x1[t] » aSin[wt], x1''[t] » -aw’Sin[wt],
x2[t] > bSin[wt], x2''[t] » -bw’Sin[wt]}

ous2- akSin[tw] —amlw?Sin[tw] -bm2w?Sin[tw] =0

ousa- agSin(tw] —alw?Sin[tw] +2blw?Sin[tw] =bgSin[tw]
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Bestimme Koeffizienten

= gll = gl1[[1]] /Sin[wt] // FullSimplify // ExpandAll
gl2 = gl2[[1]] /Sin[wt] -gl2[[2]] /Sin[wt] // FullSimplify // ExpandAll

ousa- ak —aml w? - bm2 w?

out[55]= ag—bg—alw2+2blw2

Bestimme Eigenmoden

o= det = Solve[Det[ ( Coefficient[gll, a] Coefficient[gll, b] )] =0, w]

Coefficient[gl2, a] Coefficient[gl2, b]

k1 gml
Out[56]= Hw - - + +
21ml+1m2 2(21m1+1ma

gm2 \/(—Zkl—gml—gm2)2—4gk(21m1+1m2>
2 (21m+1m2) 2 (21m1+1m2) ’
k1 gml gm2
fw- . _

21m1+1m2+2(21m1+1ma 2(21m1+1ma

\/<—2kl—gm1—gm2>2—4gk (21m1+1m2)

1,

2(21m1+1ma

k1 gml gm2
{we— + + +

21ml+1m2 2(21m1+1mn 2(21m1+1ma

\/(—Zkl—gml—gm2)2—4gk(21m1+1m2>

.

2(21m1+1mn

{ k1 gml gm2
w - + + +
21ml+1m2 2(21m1+1ma 2(21m1+1ma

J(—2kl—gm1—gm2>2—4gk (21m1+1m2)
2 (21m1+1m2)
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(Nur positive Frequenzen berucksichtigen)

In[57]:=

out[57]=

Out[58]=

In[59]:=

Out[59]=

out[60]=

wy =det[[2, 1, 2]]
wy = det[[4, 1, 2]]

k1 gml
+ +
21mi+1m2 2 (21ml+1m2)
g m2 \/(—Zkl—gml—gm2)2—4gk(21m1+1m2>
2 (21mi+1m2) 2 (21m1+1m2)
k1 gml
+ +
21ml+1m2 2 (21ml+1m2)
gm2 \/(—Zkl—gml—gm2)2—4gk(21m1+1m2>
2(21m1+1m2)+ 2 (21mi+1m2)

a; = Solve[{gll =0, gl2 =0} /. {w~> w1, b>1}, al[[1, 1, 2]]

a, = Solve[{gll =0, gl2==0} /. {w—> w,, b>1}, a]l[[1, 1, 2]]

k1 + gml 4 gm2 B \/ (-2kl-gmi-gm2)2-4gk (21mi+lm2)
21ml+1lm2 2 (21ml+1m2) 2 (21ml+1m2) 2 (21ml+1m2)
k - ml k1l gml gm2 B /(—2k1—gm1—gm2)2—4gk(21m1+lm2)
21ml+1lm2 2 (21ml+1m2) 2 (21ml+1m2) 2 (21ml+1m2)
k1 gml . gm2 + \/ (-2kl-gmi-gm2)2-4gk (21mi+lm2)
21ml+1m2 2 (21ml+1m2) 2 (21m1+1m2) 2 (21m1+1m2)
— K1 gml . gm2 ) J(-2Kk1l-gmi-gm2)2-4gk (21ml+1m2)
21mi+lm2 2 (21mlslm2) 2 (21ml+lm2) 2 (21ml+lm2)

Grafische Darstellung

In[61]:=

out[61]=

Plot[{a; Sin[w; t] , Sin[w; t]} /. Werte3, {t, 0, 100}]

051
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